This paper presents a hybrid controller for the practical stabilization of general n-dimensional nonlinear systems in one-chained form. This controller consists of two parts: 1. A discrete-time pa.rt that practically stabilizes a subset of the system states, and 2. A piece-wise continuous-time part that steers the remaining state-components to a.n arbitrarily small neighborhood of zero. One attractive feature of the proposed control approach is that it straightforwardly allows for generalizations in the sense that integrators can be put in cascade with the control inputs without affecting the closed-loop sta.bility properties. This yields smoother control inputs, which makes the hybrid controller particularly useful for some relevant applications like mobile robots.
I. Introduction
In recent years there has been a lot of research interest in the stabilization of nonlinear systems in chained form. Such systems are generally obtained after a state transforma.tion of a. class of mechanical systems such as mobile robots [SI, [14] . The main difficulty of systems in chained form is that it is not possible to stabilize this class of driftless nonlinear systems by smooth static-sta.te feedback [2]. However, it turns that via other type of control strategies the stabilization problem for such systems is strill solvable. For instance, [lo] introduced a periodic timevarying controller to stabilize the kinematics of a two DOF mobile robot that, through a change of coordinates, can be transformed into a t.liree-dimensional one-chain system. Also constructive procedures to design periodic time-varying controllers applicable to larger-dimensional systems with one chain have been Another approach t,o the stabilization problem mentioned above was given by [3] . In particula.r, these a.uthors propose a piece-wise continuous exponew tially stabilizing controller for the t.hree-dimensional one-chain system. The non-trivial extension of this result to general n-dimensional systems with one chain was studied by [13] by combining ideas of piece-wise continuous and periodic time-va.rying controllers.
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In this paper we present a so-called hybrid controller for the practical stabilization of n-dimensional nonlinear systems in one-chain form. This controller consists of two parts: 1. A discrete-time and thus piece-wise constant part. t'hat practically stabilizes a subset, of the syst,eni st,a.t,e-coiiiponeiit,s, and 2. A piece-wise continuous-tirne part that stabilizes the remaining state-components to a set arbitrarily close to zero. One advanta.ge of using such a hybrid approach is t.liat it easily allows for generalizations in the sense that integra.tors ca.n be put in cascade with the control inputs without affecting the closed-loop stability properties. The introduction of such integral actions is motivated by the need for smooth control inputs for some relevant applications like steering of mobile robots.
Our result relates to some extent to the multi-rate approach that was recently proposed by [7] , but it has the following major differences: First, the control law presented here is for stabilization and not for open-loop steering purposes. Second, we do not discretize the full nonlinear system, but only the linear part of the dynamics, whereas the stabilization of the nonlinear part is solved with a piece-wise continuous control. Third, potential singularity problems as present in the control law of [7] are avoided. This paper is organized as follows. Section 2 considers the third-order system having one chain, followed in Section 3 by the extension to the general n-th-order case. Next, Section 4 discusses the results tha.t, are obtained when putting integrators in cascade with the system inputs. Finally, Section 5 gives the conclusions.
11. Three-dimensional systeni with one chain Consider the three-dimensional one-chain system with z(0) = [zl(O), z2(0), z3(0)lT := 10. Assume that u1 ( t ) is piece-wise constant during the tinie- sequel we write k for L6. Then the system ( I ) , ( 2 ) can be rewritten as
for all t E Il;. As can be seen, the subsyst,em (4) de 
the closed-loop system (3)-(8) can be written as
113)
for all t E I l ; , where
114)
The proof proceeds in two steps. First, the esistence for all t of a solutiou is proved, and t.lien tlie stability is analyzed.
skip Equation ( where AI: = TF' AkTk and T k is a similarly transformation matrix and Ar, is tlie Jordan matrix of A t . It is interesting to note that Al; is invariant with respect to the index k, more precise it does not depends on the sign function s k . The characteristic polynomial of the system matrix Al; is given by
Taking into account that s i = 1, then
This implies that Ak is Hurwitz since k2 > 0 and k3 > 0 and that its eigenvalues are independent of Sk. Therefore hk = A = diay{ XI, A,}, where
are the real roots of (20) .
From (18) and (7) we have that Hence, outside of the ball B defined by
we have that
but. this does not, suffice (due to the discrete-time nature of the system) to prove that B is an invariant set since due to the discrete-time nature of the system, jumps out of tlie ball B are still possible. Inside of B , that is when 11:(k)11 5 the maximal possible "jump" of llz(k + 1)11 can be derived from (21) as:
which defines a new ball B,, System (12) can also b e written as a 1/0 discretetime operator G(.) with "input", ska(llz(k)II) and "output" zl(k), i.e.
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where q-' is the delay operator. Let p be define the H , norm of the operator G , then it follows that
Therefore in view of the ultimate bound (28), we have that 
III. One-chain systems of n dimension
It is straightforward to esteiid the procedure of Section 2 to the general n-dimensional one-chain system 
caded integrators
In this section we consider a particular dynamic extension of the results in Sections 2 aiid 3. This extension consists of adding nonlinear integrators in cascade to the system inputs. T h e motivation for doing so is twofold. First, cascading integrators to the system inputs is one way to sniooth the control signals. This is particularly suitable in a number of relevant applications where piece-wise continuous changes are too stringent. As a.n example, in control of mobile robots it is generally desirable to have smooth velocity changes. Second, these dynamic estensions lead t o systems wit.11 drift, which significantly complicates controller design. Therefore, chained systems with cascaded inte rators deserve more investigation (cf. [ll] ). Also inql] the sta.bilization of mechanical systems with drift was analyzed.
Consider the system (1) with the following dynamical change in the input variables:
where vl(t),vz(t) are the new inputs to the system. It is clear that if VI(.) and YZ(.) are piece-wise continuous functions of time, then u1(.) and U?(.) will be continuous with respect to time. It is also important to remark that the change of inputs in (46) Hence, the dynamic equations (46), (47), (48) and (1) rewrite as
Now, proceeding as in Sections 2 and 3, assume that y ( t ) is piece-wise constant on I k , that is "1 ( t ) = "1 (k)
where q ( k ) to be specified below. Introduce
C ( t ) = [ € l ( t ) . C 2 ( t ) l T
(51)
( 1 )
= [ h ( t ) v C 4 ( t ) 9 6 5 ( 1 ) 1 T
( 5 2 )
Then the system ( l ) , (2) can be rewritten as for all t E I k .
Since VI(.) is constant on I k , we have that
where co(k), q ( k ) are some constants. Therefore,
grows a t most linearly with respect t.0 time. This implies that (54) describes a time-varying subsystem with a linear time-dependency. The following result can be proved.
Leinnaa I V . 1 : Consider the syst,eni (49) together with the controller
where Ll (<(k)),k = 0,1,2,. .., is any asymptotically stabilizing discrete-time feedback controller for the subsystem (531, i.e. C(k)) = a ( E z ( k ) + h k l ( C ( k ) 
X O~~
This completes the proof. PI and [71).
V. Coiiclusioiis
This paper presents a novel approach to the practical stabilization of general n-dimensional noillinear systems in one-chain form. This approach in named hybrzd since one part of the controller is a discretetime while the other is piece-wise continuous. The major feature of the proposed control approach is that it straightforwardly allows for generalizations in the sense that arbitrarily nuinl>er of integrators can bp put in cascade with the control inputss without affecting the closed-loop stability properties. This yields smooth control inputs, which makes the hybrid controller particularly useful for some relevant applications like mobile robots. 
